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M
agnetic resonance per-
fusion (MRP) imaging 
is a widely used clinical 
imaging technique to 
determine how blood 

flows through biological tissue. Due to 
the generic nature of MRP, its application 
extends from the brain and heart to any 
other organ in the body. The most impor-
tant application of MRP is to determine if 
the tissue of interest lacks blood flow. A 
major focus is on the ischemic stroke, 
which is a lack of blood in the brain tis-
sue due to blood vessel blockage, and the 
myocardial ischemia, which is the lack of 
blood in the heart muscle tissue. This 
article will discuss MRP for the brain tis-
sue. A detailed description of the chal-
lenges is provided next. 

MRP IMAGING OF BRAIN TISSUE
MRP of the brain is conducted by taking 
a three-dimensional (3-D) image vol-
ume of the brain at low-temporal reso-
lution every 1–2 s repeatedly, over a 
period of 1–2 min using a magnetic res-
onance imaging system. During imag-
ing, a chemical dye is injected very 
quickly into the patient’s vein. Dynamic 
3-D imaging is used to monitor the tra-
versal of the dye through the brain tis-
sue. This idea is similar to using a Dirac 
delta function to probe the system 
response; in this case, the transfer func-
tion of living human brain tissue. Until 
recently [1], it has been traditionally 

difficult to recover the transfer function 
accurately because of the low-temporal 
resolution of imaging. In addition, there 
has been a biased misconception in the 
field that a  delay in the arrival of blood 
supply to the brain tissue is not as 
important compared to the amount of 
blood flowing through it. However, 
recent studies have shown that the time 
it takes for blood to traverse from the 
artery to the tissue of interest, or arteri-
al-tissue delay (Tmax), is strongly pre-
dictive of tissue fates of whether 
ischemic tissue will be salvageable or 
not [2]. Unfortunately, few methods are 
available [3], [4] that can provide an 
accurate estimate of Tmax in clinical 
settings, primarily due to the low-tem-
poral resolution of imaging. In this arti-
cle, we will first review the recent work 
done in the field, followed by dissecting 
the Tmax estimation problem, and dis-
cuss how we can get an accurate and 
stable estimate without the need of a 
high-temporal resolution data set. We 
will prove the accuracy and robustness 
of the method over a large range of 
physiological parameters using Monte 
Carlo simulation. Furthermore, we will 
illustrate the result using data from real 
human brain tumor cases.

CONVERTING IMAGE INTENSITY 
TO CONTRAST CONCENTRATION 
In MRP studies, we can convert the 
image pixel intensity to amount of dye in 

the tissue. The relationship between sig-
nal intensity-time curve, S 1t 2 , and con-
centration-time curve, C 1t 2 , during 
passage of a dye is

 S 1t 2 5 S0 exp 12k # C 1t 2 # TE 2 , (1)

where S0 is the image intensity before 
dye injection. The relationship between 
C 1t 2  and the arterial input function, 
AIF 1t 2 , which describes the concentra-
tion-time curve of the dye in the arterial 
blood, can be modeled by the following 
convolution [5]:

 C 1t 2 5 CBF # AIF 1t 2 # R 1t 2
 5 CBF # 3

t

t0

AIF 1t 2 # R 1t 2 t 2dt, (2)

where R 1t 2  is the tissue residue function.
The integral (2) can be solved by 

integral transform directly or simply 
numerically approximated by rectangu-
lar rule [5] by incorporating the delay in 
the formulation using a global AIF 1t 2 , 
as shown by (3), found at the bottom of 
the page, where Dt is the sampling inter-
val, t0 is the bolus arrival time, d is the 
delay and R(d ) 5 1. Equation (3) can be 
simplified to c 5 A # r by multiplying 
R 1t 2  by the cerebral blood flow (CBF). 
The deconvolution problem is then 
reduced to finding the matrix inverse of 
A. CBF is calculated as the maximum 
value of r and by central volume theorem 

1053-5888/10/$26.00©2010IEEE

 ≥ C 1t0 1 d 2
C 1t1 1 d 2

(
C 1tN21 1 d 2 ¥ 5 Dt ≥ AIF 1t0 2 0 c 0

AIF 1t1 2 AIF 1t0 2 c 0
( ( f (

AIF 1tN21 2 AIF 1tN22 2 c AIF 1t0 2 ¥ 3 ≥ R 1d 2
R 1t1 2 t0 1 d 2

(
R 1tN21 2 t0 1 d 2 ¥ # CBF.

 
(3)

Authorized licensed use limited to: UNIVERSIDADE FEDERAL DE SANTA CATARINA. Downloaded on May 18,2010 at 12:24:27 UTC from IEEE Xplore.  Restrictions apply. 



IEEE SIGNAL PROCESSING MAGAZINE   [156]   MAY 2010

[life SCIENCES] continued

[5], mean transit time (MTT) is calculat-
ed by 

 MTT 5 e
`

0
t # h 1t 2dt. 

ESTIMATING THE TIME 
DELAY FROM ARTERY TO TISSUE
The time delay for blood to flow from 
the artery to the tissue, Tmax, can be 
ideally determined by the time delay 
the dye first appears in the artery and 
tissue. However, in the presence of 
noise, this delay estimation is sensitive 
to signal-to-noise ratio (SNR) [3]. 
Cheong et al. [4] proposed bolus arriv-
al time estimation methods by using 
piece-wise continuous regression mod-
els, which can be used for delay esti-
mation. Rose et al. [6] proposed a 
geometric-based method for delay esti-
mation and demonstrated that it 
improved the results for acute stroke 
treatment after delay correction. 
Ibaraki et al. [3] introduced zero-delay 
singular value decomposition (ZD-SVD) 
with a new delay estimation method. 
Pixel-by-pixel least squares estimation 
was used to fit the delay between 
AIF 1t 2  and C 1t 2 . However, these delay 
estimation algorithms are based on 
C 1t 2 , which are highly sensitive to the 
temporal SNR of the source images 
compared to the delay insensitive 
method such as reformatted singular 
value decomposition (rSVD) [7]. In 
this article, we discuss a regulariza-
tion-based delay estimation (RDE) 
method that allows accurate and stable 
Tmax estimation compared to the 
ZD-SVD method.

THE RDE METHOD 
The RDE method is a two-step method 
to estimate delay accurately using the  
deconvolution approach. First, the con-
centration time curve is shifted along 
the time axis. Delay can be roughly 
estimated by the maximal shift value 
such that the peak of the corresponding 
deconvoluted solution R 1t 2  is located 
at R 10 2 , i.e.,

d 5 2 arg
s[ 324,64max

s
5Rs 10 2 5 max 1Rs 2 6,

(4)

where Rs is the estimated tissue resi-
due function corresponds to C 1t 2  with 
shift s.

To estimate delay accurately, con-
centration time curves C 1t 2  were gen-
erated using TR 5  1 s and 2 s and the 
curves were interpolated to 0.1 s tem-
poral resolution by cubic spline. 
Tikhonov regularization [8] is used to 
generate a number of solutions of Rs 1t 2  
corresponding to pixel-by-pixel shifted 
C 1t 2  from –8 to 1 6 s every 0.1 s to 
cover a large physiological range of 
delay. The Volterra convolution method 
[9] is then used to reduce the discreti-
zation error in delay estimation using 
R 1t 2  after interpolation. It has been 
demonstrated that Volterra convolution 
is the most accurate discretization 
method for delay correction approach 
compared with other methods when 
there is only small amount of delay in 
C 1t 2  [9]. 

Owing to the fact that the shape of 
R 1t 2  may be distorted due to regular-
ization error, Tmax has a strong depen-
dence on MTT. We estimated the bias of 
delay during delay estimation for differ-
ent l and MTT of R 1t 2  with an expo-
nential form by Monte Carlo simulation. 
The estimated delay correction factor  f  
was defined as 

 f 1l, MTT 2 5 m 1l 2 # MTT 1 c 1l 2 , (5)

where m and c are estimated by fitting 
delay estimation errors from a range of 
MTT and a fixed l. MTT is determined 
by R 1 t 2 , which is estimated by rSVD [7] 
where MTT 5 aR 1t 2 /max 1R 1t 2 2 .  In 
our delay estimation algorithm, R 1t 2  
was first estimated by rSVD [7]. Then, 
the correction factor f  obtained from 
(5) is added to the result obtained from 
(6) as the finalized estimated delay. 

We compared the performance of 
delay estimation accuracy of our meth-
od with an advanced delay estimation 
algorithm, ZD-SVD [3]. ZD-SVD esti-
mates delay d by fitting C 1t 2  with a con-
volution of AIF 1t 2  and an exponential 
function

 d 5 arg 
d

min 7C 1t 2 2 aAIF 1t 2 d 2

 # exp 12 bt 2 7 22. (6)

SIMULATED PERFORMANCE 
OF THE RDE METHOD
Monte Carlo simulation was used to sim-
ulate a large physiological range accord-
ing to a previous publication [1] to 
evaluate the accuracy of the delay esti-
mation method. Delay was simulated 
with the range of 2 4 to 1 6 s every 
0.5 s. MTT was simulated ranging from 
3.4–24 s. Temporal resolution ranged 
from 1–2 s and was set to 1 s in the 
experiments unless otherwise specified. 
Optimal thresholds of the singular value 
were set to 10% of the max singular 
value for ZD-SVD [10] and l were set to 
0.7 and 1.5 corresponding to SNR 5  100 
and 50, respectively. Simulations were 
repeated 100 times and mean and stan-
dard deviation (SD) of the results were 
computed.

Simulation results show that there is 
a linear relationship between the correc-
tion factor f  obtained (5) and estimated 
MTT and the slope of the line varies with 
different l. At 1 s or 2 s temporal resolu-
tion, the estimated delay with the pro-
posed RDE method is more accurate and 
stable than the ZD-SVD method. The 
result is summarized in Table 1. 

CLINICAL VALIDATION 
OF THE RDE METHOD
Two MRP cases were used as validation 
in this study. Both have significant 
regional vascular delay. The first case was 
from a brain tumor patient where mul-
tislice perfusion images were acquired 
every 2 s. The second case was from a 
cerebral vasculitis patient with perfusion 
images acquired every 1.9 s. The baseline 
SNR of the first and second case is 100 
and 50, respectively. The extensive 
regional vascular delay is a good valida-
tion method as local regional delay is 
rather constant. 

The Tmax map was computed for 
both patients for all multislice images, 
and the representative results are shown 
in Figure 1. In the brain tumor patient 
case [Figure 1(a)], which has a baseline 
image SNR of 100, the Tmax delays 
estimated by the RDE and ZD-SVD 
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methods were almost identical al though 
the Tmax map of the ZD-SVD method 
is slightly noisier indicated by more 
spatial variation in the Tmax map. 
Both methods indicated the large 
delay region in Figure 1(a) of the Tmax 
delay map  clearly (left-right flipped in 
radiological convention). In the vascu-
litis case [Figure 1(b)], which has a 
regional delay with baseline image 
SNR of 50, both algorithms indicated 
similar results for delay estimation but 
the Tmax map from the ZD-SVD meth-
od were much noisier than the 
RDE method. 

LIMITATIONS OF THE RDE METHOD
Delay estimation is a challenging prob-
lem in MRP. It depends on the distribu-
tion of AIF 1t 2  and R 1t 2  because C 1 t 2  is a 
result of AIF 1t 2 # R 1t 2 . Since R 1t 2  is 
an unknown in practice, it is difficult to 
obtain exact the delay from the concen-
tration time curve. Also, the most com-
mon TR in MRP is 1–2 s, which limits 
the accuracy of the delay estimation algo-
rithms. Both the ZD-SVD and RDE 
methods require interpolation to increase 
the accuracy of delay estimation that 
may introduce bias into signals. However, 
this problem may be reduced since the 
magnetic resonance imaging technique 
is improving. Delay estimation could also 
be provided by using the location of the 
peak in estimated R 1t 2 . However, as the 
errors introduced in discretization and 
regularization, the estimated delay is 
always seriously biased and the situation 
is more serious for prolonged MTT [10].

Discretization error is an error in-
troduced for approximating (2). Volterra 
can reduce it significantly compared with 
a rectangular rule based on the assump-
tion that R 1t 2  is differentiable for the 
case without delay. On the other hand, 
it can be further reduced by decreasing 
temporal resolution, which can benefit 
from developing parallel or sparse im-
aging technology. Interpolation is also 
a promising approach although it may 
distort the original signal. Monte Carlo 
simulations and clinical applications 
should be considered to further validate 
the effects of interpolation for CBF and 
delay estimation.

Finally, the application of the RDE 
method is limited by a few assumptions 
on the contrast concentration-time 
curve, C 1t 2 , that it contains only the first 
pass of the dye. We may not handle some 
common issues in C 1t 2 , e.g., recircula-
tion and leakage, unless appropriate cor-
rections are addressed. Also, imperfect 
data may have some unexpected distor-
tions in C 1t 2 , e.g., negative C 1t 2  before 
or after first pass, may significantly 
reduce the accuracy of delay correction 
methods since delay estimation are high-
ly dependent on the infor-
mation from the first pass.

SUMMARY
In this article, we dis-
cussed a strategy to 
recover the high-tempo-
ral resolution signal from 
the low-temporal resolu-
tion source data in a dis-
cretized ill-posed matrix 
inverse problem. In this 
particular application, we 
determine the delay of 
blood supply to different 
brain regions using the 
perfusion imaging meth-
od, which is of critical 
importance to predict tis-
sue health status in acute 
stroke patients and to 
select the best therapy. 
Current acute stroke clin-
ical trials in general 

involved the use of Tmax and use it to 
select the group of patients for therapy. 
An accurate Tmax estimation reduces 
the uncertainty in patient selection and 
reduces the sample size to achieve sig-
nificant clinical outcomes. 

The problem described in this article 
is a common ill-posed matrix inverse 
problem in biomedical imaging and sig-
nal processing. For example, diffusion 
tensor computation in diffusion tensor 
imaging that allows one to noninvasive-
ly map out the wiring of human brain 

[FIG1] Tmax maps from RDE and ZD-SVD methods 
showed strong agreement when (a) baseline image 
SNR=100 while the  RDE method showed better 
robustness to noise than the ZD-SVD method when (b) 
baseline image SNR=50. 
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[TABLE 1] MEAN 6SD OF ESTIMATED DELAY OF ZD-SVD AND RDE METHODS. 
SIMULATIONS ARE BASED ON THE SPECIFIC CONDITIONS OF MTT RANGING 
FROM 3.4 S TO 24 S AND DIFFERENT R MODELS.

SIMULATION CONDITIONS     ZD-SVD RDE
Exponential R 1t 2  Model: TR 5  1 s,  SNR 5  100, 
 CBV 5  4%,   MTT 5  3.4 s to 24 s 

   0.37 6  0.15  to   
   0.25 6  0.35

2 0.02 6  0.08  to   
   0.01 6  0.30

Linear R(t) Model: TR 5 1 s, SNR 5 100, 
CBV 5 4%, MTT 5 3.4 s to 24 s

   0.46 6  0.13  to   
   0.28 6  0.30

   0.11 6  0.07 to 
   0.01 6  0.31

Exponential R(t) Model: TR 5 1 s, SNR 5 50, 
CBV 5 4%, MTT 5 3.4 s to 24 s

   0.18 6  0.32  to   
20.02 6  0.92

2 0.03 6  0.13 to 
 20.11 6  0.41

Linear R(t) Model: TR 5 1 s, SNR 5 50, CBV = 4%, 
MTT 5 3.4 s to 24 s

   0.34 6  0.32  to   
   0.02 6  0.85

    0.21 6  0.13 to
 20.16 6  0.57

Exponential R(t) Model: TR 5 2 s, SNR 5 100, 
CBV 5 4%, MTT 5 3.4 s to 24 s

   0.90 6  0.19  to   
   0.82 6  0.44

2 0.10 6  0.10 to 
 20.07 6  0.38

Linear R(t) Model: TR 5 2 s, SNR 5 100, CBV 5 4%, 
MTT 5 3.4 s to 24 s

   1.02 6  0.15  to   
   0.77 6  0.40

    0.08 6  0.07 to
 20.15 6  0.35  

Exponential R(t) Model: TR 5 2 s, SNR 5 50, CBV 5 
4%, MTT 5 3.4 s to 24 s

   0.78 6  0.44  to
   0.45 6  0.98

2 0.10 6  0.19 to
 20.10 6  0.61

Linear R(t) Model: TR 5 2 s, SNR 5 50, CBV 5 4%, 
MTT 5 3.4 s to 24 s

   0.93 6  0.34  to
   0.35 6  1.43

   0.07 6  0.15 to
   0.01 6  0.71
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is also an ill-posed matrix inverse prob-
lem. In that case, the solution should 
be constrained by physical properties 
of water diffusion in white matter fibers 
in the brain. Solving these problems 
usually require a multidisciplinary ap-
proach by taking advantages of domain 
knowledge, be it in biomedical imaging, 
physics, or physiology with advanced 
signal processing strategies.
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define a valid distance metric; second, 
because linear inequalities in the elements 
of this matrix can ensure that inputs are 
correctly labeled by kNN classification or 
Gaussian mixture modeling. Large-scale 
applications of these ideas are made 
 possible by recent advances in numerical 
optimization [6]. Looking forward, we 
anticipate many such applications given 
the ubiquitous role of distance metrics in 
both nonparametric and parametric mod-
els of classification.
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